A horizontal well with a non-linear trajectory is fundamentally an intricate system, and determination of its inflow productivity index using numerical simulation is computationally challenging. This work presents an approach that is more efficient than numerical simulation. The methodology involves dividing the reservoir into different sections, with each section treated as a closed-box model. A constant pressure is assumed for the two sides of the sections, which are parallel to the plane of the trajectory, and end flow is eliminated so that each section of the well is fully penetrating. A simplified isobaric geometry and a flow path were developed using the numerical simulation of flow in a fully penetrating well in a box model; an analytical index equation was then developed from the simplified geometry. The results of the numerical simulation were used to generate an empirical correlation for the shape factor to bring the result of the productivity index equation close to simulation and line source solutions, thus converting the analytical index equation into a semianalytical equation. The application of the semi-analytical equation to a horizontal well, undulating in a vertical plane, to predict its productivity was demonstrated using an example. This model is the first productivity index equation with the capability to handle a horizontal well with a non-linear trajectory.
INTRODUCTION
The inflow performance of a well is a measure of its productivity defined as the barrels of oil delivered to the wellbore per unit pressure drop across the producing formation (Guo et al., 2006; Guo et al., 2007; Kamkom and Zhu, 2005; Kamkom et al., 2007; Sabeh and Enick, 1995) . It is an important parameter used in assessing the state and probability of success of a well. Horizontal wells are developed with the aim of increasing contact with the formation. To maximise productivity, the general practice is to locate well at the centre of the reservoir; however, it is practically difficult to have the well centred in the reservoir throughout its length. The two major approaches which are being used to estimate the productivity of wells are numerical simulation and analytical solution. Numerical simulation is much more computationally expensive and this constraint has elicited preference for analytical solution in estimating productivity of wells in the oil industry.
Many analytical solutions have been developed in the past years by a widevariety of authors; the prominent works include those by Joshi (1988) , Economides et al. (1991) , Butler (1994) , Furui et al. (2003) and Babu et al. (2005) . The basic requirements for an analytical solution to deal with a horizontal well with a nonlinear trajectory are (1). the model must be able to handle eccentricity; (2). there must be no end flow (i.e. the well must be fully penetrating); and (3). if the reservoir is anisotropic, it must be able to deal with the anisotropy. However, none of the previous models completely satisfied these requirements. For example, the model developed by Joshi (1988) did not consider anisotropic effect of permeability, and Butler's model (Butler, 1994) ignored the effect of skin factor. Furui et al. (2003) assumed a shape factor which does not change with anisotropy; in addition, the model failed to account for eccentricity of the well. The models developed by and Economides et al. (1996) and Babu and Odeh (2013) accounted for both coupled and lateral end flows, rendering them ineffective in handling a horizontal well with a non-linear trajectory. Furthermore, all the previous models assumed the depth of damaged zone near the wellbore as uniform with distance (Ozkan et al., 1995; Sarica et al., 1994) ; however, in practice, damage is normally greatest near the heel of the well and least near the toe. It is conventional to complete a well selectively, except when some segments of the well with relatively low permeability or unusually large local skin effect are intentionally closed to flow. However, the previous models unsystematically disregarded selective completion of horizontal well.
Although a line source solution by Green's function is another useful tool for solving horizontal well problems (Kamkom and Zhu, 2005; Kamkom and Zhu, 2006; Yildiz and Cinar, 1997) , the non-linearity of trajectory of the well and variation in thickness of the reservoir impose limits on its use. This is explained by the fact that Green's function solution will require a large number of sums of series to obtain a reasonably accurate result. It is noteworthy that a reservoir is scarcely ever homogeneous, ergo the characteristic spatial variability of its properties usually necessitates that the reservoir be sectionalised and each section dealt with using the mean property for each section. Using this piecewise method requires a productivity index model that does not couple the end flow (i.e. fully penetrating), but accounts for anisotropy of the reservoir and eccentricity of the well. Therefore, it is imperative to develop an Inflow Performance Relationship (IPR) equation that can be applied to different sections of the reservoir to account for geometry and anisotropic behaviour at all points.
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A simplified semi-analytical productivity index for a horizontal well with a non-linear trajectory in a vertical plane Figure 1 . A centred well in a box model reservoir; L is well length, W and h are the reservoir width and height, respectively.
MODEL ASSUMPTIONS AND APPROACH
This work advances the concept of the productivity index for a centred well to account for eccentricity using height to width ratio of the reservoir. The following assumptions were considered: (1). the reservoir is horizontal, homogeneous and has a uniform thickness h. Both left and right boundaries are subject to a constant pressure p e ; (2). the well (Fig. 1) has length L and radius r w centred in the reservoir and is maintained at a constant pressure p w ; (3). the flow is single phase and gravity is ignored; and (4). the wellbore is infinitely conductive, so that pressure drop in it is negligible. By substituting the continuity equation into Darcy flow equation for an isotropic reservoir, we have:
(1)
For an anisotropic reservoir,
At steady state there is no net accumulation of material at any point in the reservoir, hence:
(3) p = c k dp dt
A numerical simulation is conducted using the discretised form of Equation 3 as shown in Equation 4 (Nasr, Kimber, and K N 1991) . The boundary conditions are described by Equation 5. 
Well transmissibility (T well ) is given by:
Well Index (WI) is expressed as:
According to (Peaceman 1983) , equivalent effective radius ( r eq ) is:
To provide an understanding of the shape of the flow path and equipotential surfaces, the plots of the isobars are presented in Figures 2 and 3. The isobars were distorted around the well from a circular form to an elliptic form by the anisotropy of the reservoir as shown in Figure 3 . To deal with this problem, the following substitutions were carried out: 
Simplification of gives:
If we set we have: Figure 4 shows transformation from an elliptic isobar to a circular isobar. The effect of the transformation is that it replaces the reservoir with an isotropic equivalence. Therefore, vertical measurement is scaled up by a factor of the square root of I ani , while horizontal measurement is scaled down by the same factor. The wellbore is also affected and the shape is now an elliptic cylinder.
Equating the area of the elliptic well open to that of an equivalent cylindrical well gives: Therefore, equivalent wellbore radius gives:
The result of the numerical flow simulation for the transformed isotropic reservoir is shown in Figure 5 . Importantly, the near well elliptic isobaric line plots in Figure 2 are almost circular in Figure 5 and the streamlines are radial.
The simplified version of the combination of the isobars and streamlines shown in Figure 6 is presented in Figure 7 , which shows that the flow is divided into two regions. The linear part, which comes from the outer boundary, feeds the inner radial flow at a distance from the well. For radial flow, the radial form of steady-state diffusivity equation in radial system was solved, such that:
Boundary conditions are:
By integrating Equation 7, we have:
Using the inner boundary condition: By a second integration:
For the outer part of the linear horizontal flow, it was assumed that the vertical plane surface at a distance from the wellbore has the same pressure as the circular equipotential surface of radius . Therefore,
Note that this is valid only when W > = h*I ani .
To eliminate p c , Equations 8 and 10 were combined as follows:
In field units, 
To consider the effect of skin factor, the idea that pressure loss due to skin (in field units) was used, so that:
(15) By using this equation and assuming that p e -p w represents the actual pressure loss between the boundary and the well, we have:
The simplified flow path does not produce exactly the same results as the line source and simulation results. Therefore, to bring the results of Equation 6 close to the actual value, the unity in the expression in Equation 16 was replaced by a constant C (i.e. flow path correction factor). A similar simplication as this was used by Kamkom and Zhu (2005) , Kamkom and Zhu (2006) , Kamkom et al. (2007) , Ozkan et al. (1995) ; Sabeh and Enick (1995) , Yildiz and Cinar (1997) , Yildiz and Cinar (1998) , Kamkom (2007) , and Zhu and Kamkom (2005) to calibrate their models. The values of C, which have the same results for Equation 6 and the line source solution, were then solved for. Therefore, Equation 16 becomes:
For line source, we have: Furui et al. (2003) provides that C = 0.7792; however, a careful analysis of Equation 19 and Figure 8 shows that C is a function of I ani and ratio W/h. The impact of aspect ratio is very small as can be observed from the value of the coefficient e. J = 0.00708 kL B ln hI Therefore, as shown in Equation 20 and Figure 9 , the problem was simplified such that the effect of aspect ratio was neglected and random ratios of W/h along with evenly spaced values of anisotropic factor were selected to obtain a correlation for the Flow Factor. Figure 10 shows a schematic representation of an eccentric well. Numerical simulation (Gasbarri et al. 2009; Lu, Tiab, and Escobar 2013; Nasr, Kimber, and K N 1991) of flow was again used as the starting point for derivation of a similar productivity index equation for an eccentric well. However, a new well equation was introduced to reflect the displacement of the well to a new location. The equation is given as:
ECCENTRIC WELL
where d is the displacement of the well from the centre. The results of the numerical simulation of steady-state flow for the eccentric well is shown in form of a 3D isobars in Figure 11 , and isobar and streamline plots are shown in Figure 12 . Figure 13 shows a simplified flow path and isobaric (equipotential) surfaces reconstructed from the simulation results. From Figure 13 , it was deduced that total flow is the sum of flow from the upper and lower sections. The thickness of the upper layer is:
Flow from the upper layer can be determined by assuming that the well is centred in a reservoir with twice the thickness of the upper layer. Therefore, Because production from the upper section is equal to half of flow from the full reservoir, therefore:
The procedure used for the upper layer was applied to the lower layer, such that:
The original Flow Path Shape Correction Factor did not account for the eccentricity of the well; however, it is important to preserve the original relationship for the case of a centred well. Therefore, it is necessary to augment the already derived Flow Path Shape Correction Factor with a correlation for the effect of the eccentricity, which diminishes to zero, as the well moves to the centre. Consequently, C was replaced with C centered + C off-centered . Then the values of C off-centered , which agree with the line source and semi-analytical solution for the problem, was solved for. The correlation for C centered is described by Equation 20, while that of C off-centered is described by Equation 22 and presented in Figure 14 .
a 1 = 0.7289; a 2 = 0.1961; a 3 = -1.3620;
(23) a 4 = 0.01323, a 5 = 0.2611, a 6 = -0.2017, a 7 = 1.14, R 2 = 0.9812
The generalized Flow Path Shape Correction Factor can therefore be written as: 
Putting, 
In field units,
For a special case where the well is centred vertically, Radial resistance (RR) =
Using the parameters listed in Table 1 , the productivity indices of an eccentric well in an anisotropic reservoir is calculated and compared with different values of anisotropy and eccentricity of the well (Fig. 15, Table 2 ). Table 2 and Figure 15 show that the semi-analytical equation developed agrees closely with the values of productivity indices calculated from numerical simulation and line source solution. This calculation was done for varying anisotropy and eccentricity to ensure that the semi-analytical method captures the effect of anisotropy and well displacement from the centre. Generally, a loss in productivity of the well was observed as eccentricity (displacement from the centre) increases. With an increase in productivity, there was a loss from 5.8 percent (when I ani = 1) to 8.5 percent (when I ani = 4). As eccentricity increases from 0 to 0.67, it was observed that anisotropy tends to aggravate the effect of eccentricity; such that the higher the anisotropy, the higher the percentage of production loss to eccentricity. The productivity of eccentric wells obtained from simulation and line source solution were compared with the results obtained from the new semi-analytical model and Babu and Odeh model (Babu and Odeh, 1989) as shown in Table 2 . It was observed that for an isotropic reservoir, (Babu and Odeh, 1989 ) overestimated the well productivity by around 60 percent. Although their model maintains a monotonic fall as eccentricity increases from 0 to 0.67, the fall is not as remarkable as that obtained from line source solution. Additionally, productivity index of the well was overestimated by 66.51 percent. As anisotropy increases, the discrepancies in the results obtained from the four methods decreases. However, it was found that when anisotropic factor is 4, Babu and Odeh (1989) underestimated the value computed for productivity of the well by 2.5 percent compared to the other three methods. They also overestimated the results from the other three methods as anisotropy increases from 0 to 0.67.
RESULTS AND DISCUSSION
By correlating the plot of Babu and Odeh (1989) against the other three plots (Fig. 15) , it was observed that the effect of eccentricity was not significant when the reservoir was under pseudo-steady state condition as against the steady-state case. The productivity of the well in the isotropic reservoir fell by less than 2 percent under pseudo-steady state condition, but fell by 5.8 percent in steady-state condition. And for an anisotropy factor of 4, the productivity of the well fell by 0.8 percent in pseudosteady state condition and 8.5 percent in steady-state condition.
It should be noted that the comparison with (Babu and Odeh, 1989) model is not the most suitable, because their model did not deal with the exact case that is being considered in this work. The analytical solution from which the correlation of Babu and Odeh (1989) shape factor (C H ) and end flow skin (S R ) were developed is for a pseudo-steady state condition. As a matter of fact, no model in the literature has ever been developed for anisotropy and eccentricity for a steady-state case. The model of Babu and Odeh (1989) was chosen for comparison because it seems to be the closest to the case that is being considered here.
EXAMPLE APPLICATION
To determine the productivity of the well in the configuration shown in Figure 16 , each section was considered separately, and the results were then integrated. Hence, Taking the viscosity and formation volume factor as 2cp and 1.2bbl/STB, respectively, the total productivity is computed as shown in Table 3 . 
CONCLUSIONS
A simplified semi-analytical method for computing the productivity index of an eccentric fully penetrating well in an anisotropic reservoir has been developed. Based on its applications, the following conclusions are drawn: 1) The semi-analytical equation developed is in excellent agreement with numerical simulation and line source solution for eccentric well in an anisotropic reservoir. 2) The flow path of fluid from the outer boundaries is affected by both anisotropy and eccentricity of the well. 3) The productivity loss increases with anisotropy and eccentricity, therefore care must be taken to avoid deviation from the centre since all reservoirs are anisotropic. The major advantage of this work is its ease of use and applicability to situations with varied spatial distribution of well position, reservoir thickness and permeability, and formation damage (skin effect). The assumption of fully penetrating used in the derivation of the new equation implies that overall flow rate from a well can be calculated by simply integrating the flow rate from different sections of the reservoir ENERGY EXPLORATION & EXPLOITATION · Volume 33 · Number 6 · 2015 805 This new model will be of benefit to the oil industry for the fact that it is applicable even when the reservoir is selectively completed and when the variation of depth of damage as a function of distance along the length of the reservoir is unknown.
